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THE BOSTON COLLOQUIUM.
particular, of the three types just given is discussed by PacU in his thesis [16, a]. As this thesis is the foundation for a systematic study of continued fractions, it will be necessary to give a recapitulation of its chief results.
Let (4)                       S(x) = c0 + op + c^ + • • •                (e0 = 1)
be any given power series, whether convergent or divergent. If N(x)/I)q(x) denotes an arbitrary rational fraction in which the numerator and denominator are of the pih and gth degrees respectively, there will be p + q + 1 parameters which can be made to satisfy an equal number of conditions. Let them be so determined that the expansion of NJDq in ascending powers of x shall agree with (4) for as great a number of terms as possible. In general, we can equate to zero the first p -f q + 1 coefficients of the expansion of DqS(x) — Np in ascending powers of x, and no more.
Hence, unless N and Dn have a common divisor, the series for
;                     f                i                                                    }
N fD agrees with (4) for an equal number of terms, and the approximation is said to be of the (p -f- q -f l)th order. In exceptional cases the order of the approximation may be either greater or less. PacU examines these exceptional cases and proves strictly that among all the rational fractions in which the degrees of numerator and denominator do not exceed p and q respectively, there is, takep in its lowest terms, one and only one, the expansion of which in a series will agree with (4) for a greater number of terms than any other. Such a rational fraction I shall term an approxi-mant of the given series.
The existence of approximants was, of course, well known before Pad^ but no systematic examination of them had been made except by Frobenius [13], who determined the important relations which normally exist between them. Pad& goes further, and arranges the approximants, expressed each in its lowest terms, into a table of double entry :n be expandedre dense throughout the plane, obviously forming a non-enumerable aggregate.ies Scn-An will converge when (7>?*. Suppose now that ^depends upon x and put An =0n(x). It follows then from my theorem that 2cnGn(x) will always converge when tf> r. But this is what was to be proved.
